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Abstract
Conformal invariant new forms of p-brane and Dp-brane actions are proposed.
These are quadratic in ∂X for the p-brane case and for Dp-branes in the Abelian field
strength. The fields content of these actions are: an induced metric, gauge fields,
an auxiliary metric and an auxiliary scalar field. The proposed actions are Weyl
invariant in any dimension and the elimination of the auxiliary metric and the scalar
field reproduces the Nambu-Goto action for p-branes and the Born-Infeld action for
Dp-branes. Comments on symmetry properties of these actions and the construction
of their respective Weyl invariant energy-momentum tensor are worked out. The
space-time supersymmetric extension of the p-brane action is constructed. We show
explicitly the existence of a Weyl κ-symmetry invariance of the corresponding action.
Finally we remark some advantages of these new forms to the canonical analysis and
to the inclusion of conformal invariant interactions.
1 Introduction
The underlying extended objects that allowed recent progress in string theory, are the
p-branes [1] and Dirichlet branes [2], or Dp-branes. The p-branes are extended structures
embedded in a higher dimensional space-time from which it inherits an induced metric.
The dynamical properties of such objects are described by the Nambu-Goto action and
its generalizations for p-branes that are now proportional to the world-volume. For the
case p = 1 (string theory) the Nambu-Goto action, given in terms of the area of the
string worldsheet can be replaced with a classically equivalent action involving an auxiliary
worldsheet metric and local conformal symmetry [3]. In contrast with the non-polynomial
Nambu-Goto action the new action is quadratic in the derivatives of the coordinates.
The introduction of the worldsheet metric as an auxiliary eld admits a covariant gauge,
simplifying the analysis and allowing a covariant quantization [4]. Conformal invariance or
rather Weyl invariance as local worldvolume symmetry can be implemented for all extended





for any p [5] gives a higher non-polynomial action that severely restricts the construction
of the associated canonical formalism as well as the study of symmetries and quantum
properties.
On the other hand the Dp-brane is the (p+1) dimensional hypersurface in space-time
where the open strings can end and its dynamics is induced by the open strings attached
on it. They have been crucial in diverse topics like dualities [6], black hole physics [7],
ADS/CFT correspondence [8] and M-theory [9]. The action that describes the dynamics
of these objects is of Born-Infeld (BI) type. This nonlinear action is rather dicult to
study. However, it can be replaced with one which is quadratic in F . Such action has been
proposed in [10] based on the introduction of an auxiliary worldvolume metric γij that is
conformal invariant only for the case p = 3 corresponding to D3-branes that have played
a central role in recent studies of D-brane dynamics and string theory in particular for the
AdS/CFT correspondence. The three basic examples of AdS/CFT duality with maximal
supersymmetry are provided by taking the Dp-branes to be either M2-branes, D3-branes,
or M5-branes. Then the corresponding world volume theories (in 3, 4, or 6 dimensions)
have superconformal symmetry. They are conjectured to be dual to M theory or type
IIB superstring in space time geometry that is AdS4  S7; AdS5  S5, or AdS7  S4. For
example the isometry group of AdS5 is SO(2; 4) that is also the conformal group in 3 + 1
dimensions.
It is possible to construct Weyl conformal invariant actions associated to Dp-brane
actions for any p by using the same ideas as the ones applied to the case of the p-brane. The
resulting actions are also highly non-polynomial. Here we will show that by introducing
a non-dynamical scalar eld ’ with conformal weight that depends on the dimension we
can construct conformal invariant actions for p-branes and D-branes that are quadratic in
the gauge elds. These new form of the corresponding actions can help to understand the
dynamics of extended objects and perhaps also some of its quantum properties.
In section 2 we introduce the bosonic Weyl invariant p-brane action, its symmetries
and the extended energy momentum tensor. In section 3, we present the corresponding
Weyl invariant action for the Dp-brane, and we promote the auxiliary scalar eld to a
dynamical variable preserving the conformal symmetry. Finally in section 4 we will show
that the methods above can also be applied to the kappa-symmetric action for a p-brane
[11] to construct a Weyl invariant supersymmetric version for any p that is quadratic in
@X. Possible extentions of this idea can be applied to M-theory ve brane action [12], and
PST action [13].
2 p-brane Actions
The propose of this section is to explicitly show an action for p-brane systems, that is
by construction Weyl invariant in any dimension by adding to the auxiliary metric an
auxiliary scalar eld with conformal factor that depends on the worldvolume dimension.
The transformation properties for this scalar eld are xed at the beginning of the analysis
to preserve Weyl invariance and dieomorphism invariance. The canonical analysis shows
a complete consistence of the constraints algebra and symmetry generators as in the case
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of the non-Weyl invariant p-brane action.





− det gij; (1)





is the worldvolume metric induced by the space-time metric g . The non-linear form
of this action is inconvenient for canonical analysis and quantization. For that reason it
is useful to introduce an auxiliary intrinsic world-volume metric γij to write down the
following quadratic p-brane action






γijgij − (p− 1)
)
: (3)
Here γij is the inverse of γij and γ denotes the determinant of γij.
This action is invariant under the Weyl transformation γij ! exp(2!)γij only for
the case p = 1. The role played by this conformal symmetry was crucial to perform the
functional integral of the worldsheet metric reducing the problem to a two dimensional
Liouville theory. The explicit calculation relies on the fact, special to two dimensions, that
it is possible to choice a conformal gauge in such a way that the integration over X yield
an integral which depends on the conformal factor through the conformal anomaly. In
higher dimensional extended objects, conformal invariance or rather Weyl invariance can
be implemented through a higher non-polynomial action. This Weyl invariant extension
of the action for the p-brane [5] is










This action has the same or worse drawbacks as the original Nambu-Goto action. It is
non-polynomial and dicult to analyze and quantize. The study of this action by using
canonical methods is highly non-trivial mainly because the non-linearity inherent in its
denition. By this reason we propose the introduction of a new auxiliary scalar eld ’ in
addition to the intrinsic metric γij with appropriate Weyl weight to preserve the symmetries
of the given action. The action that is now quadratic in @X is








p+1γijgij − ’(p− 1)
)
: (5)
The above action is invariant under Weyl symmetry for any p if the scalar eld transforms
as ’ ! exp(−!(p+1))’ while the intrinsic worldvolume metric γij transforms as usual with
the Weyl weight 2!. Notice that in order to preserve the dieomorphism invariance of this
action the scalar eld must also transform under dieomorphisms as a scalar. This peculiar
transformation property of the scalar eld ’ should be contrasted with the corresponding
transformation law of the einbein introduced to remove the square root in the action of
the free relativistic particle.
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The action (5) is classically equivalent to the original Nambu-Goto action upon the
elimination of the auxiliary elds ’ and γij by using its own equations of motion. It is also
classically equivalent to (4) upon the elimination of the scalar eld ’. By xing the gauge
for the Weyl symmetry as ’ = 1 we recover the action for a p-brane given by (3).
The innitesimal transformations of the elds that leave this action invariant up to






kγik + 2!γij; (7)
’ = "i@i’− !(p + 1)’; (8)
where "i are p + 1 innitesimal arbitrary parameters associated with the dieomorphism
local invariance and ! is an arbitrary parameter responsible of the Weyl local symmetry.
Notice the transformation property of the scalar eld (8) under local dieomorphisms.
This symmetries can be obtained through a complete canonical analysis using the
Dirac method. Using this analysis we can conclude that the standard dieomorphism
algebra for the p-brane is reproduced but with dierent structure functions that are now
modied to preserve the Weyl symmetry. Compared to the standard non-conformal p-
brane action (3) here we have a new rst class constraint responsible for the Weyl local
transformation through the corresponding Dirac brackets. A detailed analysis can be found
in [14]. The Dirac constraints analysis gives for the total number of physical degrees of
freedom in D space-time dimensions D − (p + 1) as expected.



















γklgklγij − gij: (9)
This tensor is by denition Weyl invariant and is zero on-shell. Observe that this is
not the standard denition of the energy momentum tensor because the intrinsic metric and
the auxiliary eld transforms under the Weyl symmetry. The solution for γij is γij = gij
with  an arbitrary conformal factor. This tensor has zero trace as a consequence of Weyl
invariance and it is the same as the one reported in [15] up to irrelevant factors. It could
be interesting to work the trace anomaly for the associated conformal theory in the search
of critical dimensions for these conformal invariant theories.
We have also worked out the double dimensional reduction [16] for our conformal
action (5) in the case p = 2, to recover the conformal invariant string theory. Taking into
account that our theory is conformal we can expect some new behavior of this symmetry
upon double dimensional reduction. Nevertheless, we found that the conformal theory
underlying the compactication is not aected by the original conformal symmetry of the
action (5).
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3 Weyl invariant action for Dp-brane





− det(gij + Fij); (10)
where
Fij  Fij − Bij; (11)
and , gij and Bij are the pullbacks to the world-volume of the background dilaton, metric
and NS antisymmetric two-form elds and Fij = @iAj − @jAi is the eld strength of the
U(1) world-volume gauge eld Ai. The action (10) was rewritten in a more geometric way






γij(gij − gklFikFlj)− (p− 3)
]
: (12)
This action is the analog of the Polyakov action for the string and has the characteristic
that is invariant under Weyl transformations
γij ! exp(2!) γij ; (13)
for p = 3. This property can be extended to any dimension using an alternative action to











Using the equation of motion for γij, the action (14) reduces to the Born-Infeld action
(10). Also, we can see that for p = 3 the action (14) is equal to (12). However, for
any dimensions, we have again the problem that this action is highly non-linear and then
dicult to analyze and quantize. To solve this diculty we introduce, in a similar way to
the case of the p-brane, an auxiliary eld ’ that eliminates the power of p+1
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in the action.








p+1 − (p− 3)’
]
: (15)









and in this way compensates the transformations of the intrinsic metric γij. Furthermore,










Using this expression for ’ in (15) we recover (14). This shows that both actions are
classically equivalent and also Weyl invariant for any p. Nevertheless, the action (15) is
quadratic in the eld strength Fij for any dimension whereas (14) is quadratic only for
p = 3.
For the action (14) we dene a Weyl invariant energy-momentum tensor T ij using
the expression



















where Gij = gij − gklFikFlj and γ  G = γijGij . This tensor is traceless γijT ij = 0 for
any dimension as a result of the Weyl invariance. For the action (15) we can introduce an
equivalent energy-momentum tensor that is also traceless and is given by






















By using the equation of motion (17), the energy-momentum tensor (19) is exactly the
same as (18).
We have constructed a new Weyl invariant action for Dp-branes (15), using an aux-
iliary eld ’. Considering that the transformation (17) is equivalent to a U(1) gauge
transformation with imaginary parameter, a natural way to minimally couple the scalar
eld ’ to the gauge elds Ai is by the introduction of the Weyl covariant derivative [17],
Di = @i + Ai; (20)
and we require that the vector potential Ai transform under the Weyl symmetry as a U(1)
gauge connection, i.e.,
Ai ! Ai + p + 1
2
@i!: (21)

















p+1 − (p− 3)’
]
: (23)
In this model it is also possible to incorporate world-volume dynamical gravity in a Weyl
invariant way by adding a fourth derivative Weyl term or by using the Einstein term with
the compensator ’ [17, 18].
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4 Conformal Actions for Super p-Brane
In previous sections we show how to build Weyl invariant actions for bosonic p and Dp-
branes. In this section we will extend the construction of the Weyl invariant p-brane action
(5) to the supersymmetric Green-Schwarz type actions in curved space-time.
Following, the construction of the super p-brane in [11] we add to the action (5) a
Wess-Zumino term










2   @ip+1Xp+1Bp+121
}
; (24)
where G is the background metric and B is an antisymmetric tensor. This action (24)
preserves the Weyl symmetry under transformations of the intrinsic metric and auxiliary
eld proposed in section 2. To obtain the super p-brane action, we introduce the coordinates
ZM of the curved super-space-time
ZM = (X; ); (25)
and the supervielbein EAM(Z), where M = ;  are super-space-time indices and A = a; 
are indices in the associated tangent space. Dening the supervielbein pull-back
EAi = @iZ
MEAM ; (26)
the action in the superspace can be written as








"i1ip+1EA1i1   EAp+1ip+1 BAp+1A1
}
: (27)
This action is invariant under the super world volume dieomorphisms and Weyl transfor-
mations
ZM = i@iZ




kγik + 2!γij; (28)
where i are the innitesimal parameters associated with the dieomorphism transforma-
tion. Furthermore, it is invariant under supersymmetric local  transformations, given
by
Ea = 0;
E = (1 + Γ)
;
(
















m(Γa) + (p + 1))

"i1ipi"jjpj1(Ea1i1 Ej1a1   Eapip Ejpap +
’
2
p+1Ea1i1 Ej1a1   Eap−1ip−1 Ejp−1ap−1γipjp +   + ’
2p
p+1γi1j1    γipjp)
+ 2
p−γ’1− 2p+1γijE; (29)
where () is a spinor in the space-time and a scalar in the worldvolume. Here we have
used the notation
EA  ZMEAM ; (30)





i1ip+1Ea1i1   Eap+1ip+1 (Γa1ap+1); (31)
T a = −2i(Γa) ; c(aT cb) = ab;




HγA1Ap−1 = 0; (32)
with  = (−1)(p+1)(p−2)=4. Notice that the form of this -transformation is very similar to
the previously one found in [11], with the remark that in our case the -transformation
(29) preserves the Weyl invariance.
In this letter we have constructed Weyl invariant versions of the p-brane and Dp-
brane bosonic actions and the space-time supersymmetric extension for the p-brane case
by using an auxiliary scalar eld. One important feature that emerges from these actions
is that they are quadratic in the associated velocities _X; _A. As a consequence of this fact
it may be possible to obtain some relevant quantum properties as the potential existence
of a conformal anomaly associated to the stress tensors (9), (19) and the analysis of the
potential appearance of critical dimensions.
Another interesting property of this conformal actions is that it is now possible to
use the conformal symmetry as a guiding principle to construct couplings of the auxiliary
eld with the dynamical elds of the theory. It is also possible to incorporate worldvolume
dynamical conformal gravity in any dimension.
In our discussion of the supersymmetric case we observe that the  symmetry con-
structed in (29) is now conformal invariant.
We have not investigated about if the auxiliary scalar eld can be used to parameterize
the conformal dieomorphisms that are a subclass of the remaining symmetries after a
covariant gauge has been imposed.
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